MAE106 Mechanical Systems Laboratory: Time and Frequency Domain Notes

1. Why do engineers analyze systems in both the time and frequency domain?
Why the time domain? We (ive in the time domain.
Typical questions: How does the system respondtoa s input? Example: 0 -60 mph
How does the system respond to a _imaulse.  input? Example buemp suspension
How fast does the system respond? (Useful #: -hme_ccngfaud))

Does it ovevshatf
Does it _ogcitla 7 i y\r)* -
Why the frequency domain? b »La,svm ] _ ctleaoked
a. Intuition 3 AN .
Systems act like Q\\Jw , responding differently to inputs at different frequencnes

Four common types of fllters
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b. Ease —sometimes its easier to solve differential equations in the frequency domain (Laplace
Transform)

2. What is a transfer function and what is a frequency response?

A linear differential equation in the time domain becomes a transfer function in the ‘pfﬁ% __demacn

To see this take the Laplace transform of a differential equation: M e ( X :.f (e \\B
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FACT: The transfer function tells how a system responds to.any input in the frequency domain. The
output is just the input multiplied by the _tavsler Avrchion . ) '”[H(B ®SY = HSY wy)

The transfer function also tells how a system responds to a sinusoidal input. /_5.4—L=£
FACT: Using Laplace Transforms, it is possible to prove that: sine wave in = sine wade o "z

The transfer function tells how much an input sine wave is _s code) and sLth) asa

function of its frequency. PN pprey B ( 6 Cj‘«)] < m@m % . wb Note Gy o8 A
Knowing these two things means you know the ‘Qf“#&ﬂcy m?ﬂ of the system, which is afucvl:,,e‘:lu:: el
characterized by the Mw:\jw*wle and the Pt\m rePOeg arbile 1 Prase

These facts are very useful when combined with two other facts:
FACT: Any signal can be represented as the sum of suw:,m&g . BEontr anede i

FACT: The response of a linear system to the sum of two inputs is the sum of the_vadvidud ofp-h
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THESE FACTS LET US THINK OF LINEAR SYSTEMS AS FII. TERS. t iz
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: ~ Mechanical Systems Laboratory
Freqnency Response: Sine wave in, sine wave out with different amp!xtude and phase

Overview:
If we input a sine wave to a stable linear system, the output will be a _g/pe wave of the same
frequency with different gmplifude. and ohcz §e .
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u=asin(wtd x=b-sin{wt+@) .7
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For the signals shown x(t) Iag g u{t) by ¢, and this means that ¢_¢ 0.

Mathematical model of the system:
How can we predict the output amplitude and phase? Consider a general n' " order linear system:
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If we take the Laplace Transform: B ) U+ I ¢s ICc)
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A(s) is called the chamcfen‘sﬂh P..@.{}a.@zubtf of the system, and we can write it in factored form:

,4(5): (5-5,)($- S2) .. (5-5n)

What happen if U(s)=07? Jeecchronol .ut{mns;bn e i ot y
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The system is stable if Re(s)) < 0, where s; are the *roofs of the ¢ m& vk FQIEF flomit / j\(s}
Assume we have a stable system, and we apply a sine wave to the system:

u(f)y=a- sinwt of > Ues) =

S"i- L()L

. BC:) Q.:G-cs
Xf’S) Acs ) 32+w m&h@ Ro (s:)< O 4&@33 "o 2eY Q)

Since A(s) is siable, the contribution of the response due o the initial conditions decays to zero. Use
partial fraction expansion to find the inverse Laplace transform.
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The inverse Laplace transform has the form: ( Trick: ;_
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The terms ¢ decay to zero, because Re(s;) ___<,0. Use partial fraction expansion to find K; and K.
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We can write G(jw) in polar coordinates as: G(jw) = G(jw)|e’”, where ¢ = £G(jw). So that we can
express G(~ _}W) as: (hint: G(~ jw) is the complex conjugate of G( _]w)) G C-jw) s [ 66w / e?
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But using Euler’s formula: sin(#) = jia;(e"‘i' - e”"'g), we get an output of the form:
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Summary:

If we input a sine wave of amplitude a to a stable linear system, the output willbea _sfne  wave of
the same frequency with different a/m?{g{ui,q and %[m 32 .

Uis) X(s)
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u=a- s wi) x=h-sin{wt+o)

The output amplitude b can be computed as:

b=a @G(jw)i
The output phase can be computed as:
@ = LG(jw)
Example:
Ulsy i X{s)
B T
= sinlwi) Te+1 x=h-sin{wi+to}

The output amplitude b can be computed as:

b=a-Gw) = A S I
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The output phase can be computed as:

0=LG(jw) = ©- dou-! (z,f;u )
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